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Based on the Gibbs-Tolman-Koenig formalism, we considered the Tolman correction to the free energy barrier of bub-
ble nucleation in polymer-gas binary mixtures. For this class of systems, the correction may be estimated with a reason-
able accuracy using experimentally accessible macroscopic thermodynamic quantities only. Although the Tolman
correction is applicable only in the low supersaturation regime, a simple ansatz regarding the supersaturation depend-
ence of the Tolman length can be made to extend the usefulness of this approach and to yield the free energy barrier
that vanishes at the mean-field spinodal as demanded by thermodynamic considerations. VC 2013 American Institute of
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Introduction

A precise control of bubble nucleation in polymer-gas sys-
tem is crucial in producing light-weight and high-strength
plastic foams as structural components in applications such
as automobiles and wind turbines. Their mechanical proper-
ties depend strongly on the cell density and structure, which
in turn are controlled by nucleation.1,2 In insulating materi-
als, the insulating property again depends on such morpho-
logical characteristics. Yet, the plastic foam industry
currently faces a significant challenge in continuing to pro-
duce high quality foams as the traditional physical blowing
agents, such as chlorofluorocarbons and hydrochlorofluoro-
carbons are being phased out due to their undesirable envi-
ronmental impacts.3 Environmentally benign carbon dioxide
has emerged as a promising alternative. However, a funda-
mental understanding of bubble nucleation in polymer-CO2

system is needed to minimize trial and error and shift
quickly to the processes using this alternative blowing agent.

Thus far, so-called classical theory4 has been used as the
primary source of theoretical guidance in understanding
nucleation processes. However, the theory is often inad-
equate as a predictive tool. In fact, its prediction of the rate

of nucleation can be easily off by many orders of magnitude.

This failure of classical theory is a result of its inability to

predict accurately the free energy barrier of nucleation, that

is, formation of a critical nucleus. In particular, the theory

does not incorporate the dependence of the interfacial ten-

sion, a key quantity in computing the free energy barrier, on

the size of the critical nucleus.
This dependence can, in principle, be predicted by means

of the Gibbs-Tolman-Koenig (GTK) aic14062-math-,5–8 pro-

vided that the so-called Tolman length is known as a func-

tion of supersaturation. In general, however, this requires

costly statistical mechanical calculations.9–14 In fact, the Tol-

man length of a critical nucleus is not any more accessible

to an experimental measurement than its interfacial tension

is. Thus, the entire formalism simply transfers the difficulty

of measuring the latter to that of measuring the former.
Nevertheless, the alternative formulation by means of the

GTK equation can lead to new ways of introducing poten-
tially useful approximations that are not readily obvious
otherwise. In fact, some efforts in this direction have been
reported for single-component systems.15,16 In this article,
we focus on the case of bubble nucleation in polymer-gas
mixtures and present an approximation, in which the Tolman
length, in the low supersaturation limit, is evaluated using
macroscopically accessible thermodynamic properties only.
The accuracy of the approximation is examined by compar-
ing its predictions against the Monte Carlo simulation of a
simple model system of polymer-CO2 mixtures. To integrate
the GTK equation beyond the low supersaturation regime,
we also consider a simple ansatz relating the Tolman length
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to the degree of supersaturation. Unlike classical theory, the
resulting free energy barrier agrees with the Tolman correc-
tion in the low supersaturation regime and vanishes at the
onset of the mean-field spinodal as demanded by thermody-
namic considerations.

Classical Nucleation Theory

Relaxation of a metastable phase toward a more stable
one accompanies nucleation, in which a small fragment of
the new phase forms in the matrix of the metastable phase.
The steady-state nucleation rate J, that is, the number of
such fragments of the critical size that are being created per
unit time and unit volume, is given by4

J5Jke2W=kBT (1)

where W, kB, T, and Jk are, respectively, the free energy
required to form a critical nucleus in the metastable phase,
the Boltzmann constant, the absolute temperature, and a
constant determined by kinetic considerations.

As W appears in the exponent, an accurate evaluation of W is
expected to be more important than that of Jk. A formally exact
expression for W was obtained by Gibbs17 and is given by

W5
16pc3

3 Dpð Þ2
(2)

where c is the surface tension and Dp :5pb2pa, wherein pa

is the pressure of the metastable phase, and pb is the pres-
sure the nucleating phase would have if it were present in
bulk (without any interfaces) and held at the same tempera-
ture and chemical potentials as the metastable phase.

In the case of bubble nucleation from a metastable binary
polymer-gas liquid mixture, the polymer molecules may be
considered to be absent from the bulk gas phase, and pb is
determined by the equality of temperature and that of the
chemical potential of the gas species only

la
g T; pa; xg

� �
5lb

g T; pb
� �

(3)

where the subscript g refers to the gas species. The mole frac-
tion xg of the mixture is denoted without the superscript a
because the corresponding value in b phase is always unity.
We note that, as a nucleus becomes small, pb determined by
Eq. 3 starts to deviate significantly from the pressure realized
at its center. Nevertheless, Eq. 2 with pb so determined
remains valid even for a vanishingly small critical nucleus as
long as the nucleus is spherically symmetric.17,18

The difficulty in applying Eq. 2 lies in the fact that c of a
critical nucleus is not directly measurable. Classical theory,
thus, replaces c by c1, the surface tension of the macro-
scopic interface observed at saturation, and estimates W as

Wcl5
16pc3

1
3 Dpð Þ2

(4)

However, Wcl starts to deviate significantly from the true
value W with increasing supersaturation. A thermodynamic
consideration demands that c, R, and W vanish simultane-
ously at the mean-field spinodal,17 whereas Wcl does not.
Moreover, Dp is often explained incorrectly in the literature
as the applied pressure drop to induce bubble nucleation.
This misconception causes Dp to be overestimated, leading
to an overprediction of the nucleation rate.3 In contrast, the

error arising from the use of c1 instead of c can lead to a
serious under prediction of the rate. Even though these two
sources of error tend to cancel each other to some extent, it
would not be satisfactory to advance a theory that relies on
such fortuitous cancellation of errors.

Theory

Classical theory, despite its shortcomings, is still very
attractive because the value of Wcl can be estimated using
thermodynamic properties accessible to macroscopic meas-
urements. In fact, equations of state of the bulk phases
involved yield Dp by means of Eq. 3, whereas c1 can be
measured by a mechanical means, though only with a con-
siderable difficulty in certain cases.19 It is then at least
tempting to seek for ways to correct Wcl rather than to evalu-
ate W ab initio without referring to classical theory. This
will be a sensible approach if, as was indicated by density
functional studies of simple fluids,20,21 the system-specific
part of W is contained mostly in Wcl and the correction, in
the form of W2Wcl

� �
=Wcl, turns out to be rather generic

across various systems.
Because both W and Wcl tend toward infinity as the super-

saturation is reduced, it is convenient to consider the ratio
/ :5W=Wcl5 c=c1ð Þ3 or, more simply,

w :5
c

c1
(5)

both of which are unity at saturation, vanish at the mean-
field spinodal, and remain positive and finite between these
two limiting cases. With these definitions, the problem of
computing W is equivalent to that of determining u (or w)
as a function of the degree of supersaturation.

Supersaturation

To begin our formulation, we need to choose a quantita-
tive measure of supersaturation. As the intensive state of the
metastable phase a may be specified by T; pa; xg

� �
, a change

in any of these variables results in a change in the degree of
supersaturation. In polymer foaming, however, supersatura-
tion is commonly achieved by first saturating the polymer
with gas under some initial pressure pi and then dropping the
pressure suddenly to some final pressure pf.

If the nucleation occurs sufficiently slowly compared to
the time scale required for the system to establish mechani-
cal equilibrium under the new pressure pf, we may regard
the nucleation to be taking place at pf. This allows us to
identify pf with pa. (In what follows, therefore, pf � pa and
we shall refer mostly to pa.) On the other hand, xg will not
change significantly from its initial value that is determined
at T and pi until later in the bubble growth stage.

The statistical behavior, such as J, of the metastable
phase, being at a state of equilibrium, is independent of the
history that brought about the metastability. Accordingly, a
given metastable phase may be regarded as being on a path
of increasing xg (achieved by increasing pi) for given values
of T and pa as indicated by path A in Figure 1. This same
metastable phase may also be regarded as being on a path of
decreasing pa at given T and pi (and hence xg) as indicated
by path B in Figure 1.

As seen from Figure 1, the appropriate choice for the state
of saturation, and hence the value of c1 to be used in Eq. 5,
depend on the path being chosen. Using the superscripts A
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and B to denote the two paths considered above, wA 6¼ wB for
a given metastable state. This distinction between the two
paths, however, is actually one of perspective and reflects
one’s choice on how the set of experiments, performed at var-
ious values of xg and pa, is going to be analyzed.

Although xg or pa, depending on the path taken, serves as
a quantitative measure of supersaturation, it is more conven-
ient to use Dp instead. This is possible because the set of
variables T; pa; xg

� �
, through Eq. 3, completely determines

the intensive state of the bulk b phase including pb and
because Dp is expected to change monotonically when xg (or
pa) alone is varied while holding constant the remaining two
variables T and pa (or xg).

To summarize, we take

T; pa;Dpð Þ (6)

for path A and

T;Dp; xg

� �
(7)

for path B as the set of independent variables specifying the in-
tensive state of the metastable phase. In both cases, Dp quantifies
the degree of supersaturation and, starting from zero at satura-
tion, increases monotonically until the onset of the mean-field
spinodal is reached. We note that Dp stays finite throughout.

Supersaturation dependence of w

Our starting point is the following differential equation

@w
@Dp

5
1

c1

@c
@Dp

52
d

c1
11dq1

1

3
d2q2

� �
(8)

where q is the curvature of the surface of tension and d is
the Tolman length defined as the distance between the sur-
face of tension and the auxiliary dividing surface to be speci-
fied shortly. Equation 8 is a form of the GTK equation5–8

and is derived in Appendix A specifically for the case of
bubble nucleation in polymer-gas binary mixtures.

Equation 8 applies to both path A and path B. The distinc-
tion between the paths lies in the set of variables to be held
fixed in evaluating the partial derivatives and in the definition
of the auxiliary surface. Thus, T and pa are held fixed for
path A, whereas xg in place of pa is held fixed for path B.

For path A, the location of the auxiliary surface is
determined so that

xgCp;a2xpCg;a 5 0 (9)

holds. Here, xp 5 12xg is the mole fraction of polymer and
Ci;a is the excess number of molecules of species i, attributed
to the unit area of the auxiliary surface. The subscript a signi-
fies that the surface excess quantities are defined with respect
to the auxiliary surface. For path B, Eq. 9 must be replaced by

Va
gCg;a1Va

pCp;a 5 0 (10)

where Va
i is the partial molar volume of species i in the

polymer-gas mixture.
At saturation, where Dp 5 0, q 5 0, and c 5 c1, Eq. 8

reduces to

@w
@Dp

����
Dp50

52
d1
c1

(11)

where d1 is the value of d at saturation. According to Eq.
A13, d1 is positive if the auxiliary surface penetrates deeper
into the polymer-gas mixture phase than does the surface of
tension.

We note that, for path A, the state at which d1 and c1
are to be evaluated refers to the system at saturation at given
T and pa, that is, at the state indicated by the label “Sat. A”
in Figure 1. For path B, these quantities must be evaluated at
“Sat. B” in Figure 1.

Approximation for d‘

As shown by Gibbs,22 the surface of tension lies within
the interfacial region. We expect that the same holds for the
equimolar dividing surface defined with respect to polymer
(Cp;e50). Thus, for a flat interface, the distance d1 between
the auxiliary surface (at za) and the surface of tension (at zs)
may be approximated by that between za and the equimolar
dividing surface (at ze)

d15za2zs5za2ze2 zs2zeð Þ � za2ze (12)

provided that jzs2zej � jza2zej.
The virtue of this approximation lies in the fact that the

right hand side of Eq. 12 may be estimated for systems of ex-
perimental interest using experimentally accessible quantities
only. This is demonstrated in Appendix B with the result that

dA
1 � vbCg;e52

@c1
@pb

� �
T

(13)

for path A and that

dB
1 � 2

Va
g

Va
g2vb

@c1
@pb

� �
T

(14)

for path B. In these equations, vb is the volume of phase b
defined on the per molecule basis and Cg;e is the surface
excess number of gas molecules defined per unit area of the
equimolar dividing surface (Cp;e50).

We note that @c1=@pb
� �

T
can be estimated from the mea-

surement of c1 carried out at various values of pb. Other
quantities on the right hand side of Eq. 14 are all accessible
to macroscopic measurements.

We must still assess the accuracy of the approximation. Our
Monte Carlo simulation study to be presented in a later section
indicates that, at least for the range of conditions we explored,
the approximation is acceptable for path A but not for path B.

Figure 1. Two paths of increasing supersaturation.

A given metastable state, represented by an open circle,

can be analyzed from two distinct points of view, that is,

as being on the path of increasing xg or the one of decreas-

ing pa. Sat. A and Sat. B refer to the appropriate choice

for the state of saturation for paths A and B, respectively.
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Low supersaturation regime

With approximation Eq. 12, the free energy barrier W in
the low supersaturation regime can now be estimated entirely
within the confines of macroscopic thermodynamics. To see
this, we first recall the familiar Laplace equation

Dp :5pb2pa52cq (15)

expressing the condition of mechanical equilibrium of a
critical nucleus and rewrite Eq. 8 as

@w
@Dp

52
d

c1
11

dDp

2c

� �
1

1

3

dDp

2c

� �2
" #

(16)

Following Tolman,7 let us confine our attention to the
vicinity of saturation and write

@w
@Dp

52
d1
c1

1O Dpð Þ (17)

This equation can be readily integrated with the boundary
condition that w51 at Dp50 to yield

w � 12g (18)

in which

g :5
d1
c1

Dp (19)

is a dimensionless measure of the degree of supersaturation.
It follows that

W5Wcl/5Wclw3 � Wcl 12gð Þ3 (20)

Substituting Eq. 15 in Eq. 18 and solving the resulting
equation for w, we find

w � 1

112d1q
(21)

Written in this way, Eq. 18 is nothing but the famous
Tolman correction.

Thermodynamic consistency

To find W over the entire range of supersaturation, d must
be known as a function of q. Only then, the GTK equation
can be integrated. In general, however, evaluation of d
requires a costly statistical mechanical study of a system
containing a critical nucleus.9–12,14 In such a study, it is
often much easier to find W directly.

A modest advance can still be made while limiting our knowl-
edge only to experimentally accessible macroscopic quantities.
We believe that such a line of inquiry is not without a merit
especially when it is desirable to circumvent the use of molecu-
lar theories either because it is very costly computationally or
because the complexity of the system of interest precludes its
accurate model representation for statistical mechanical studies.

We first note that Eq. 18 makes a definite prediction
regarding the onset of the mean-field spinodal, where c and
hence w vanish. In particular, Dp takes the value

Dpsp �
c1
d1

(22)

at the onset. Insofar as the mean-field spinodal lies far away
from the intended range of applicability of the approximate
relation Eq. 18, it is unlikely that Eq. 22 gives a particularly
accurate prediction of Dpsp.

However, Tolman’s approximation can be modified to
ensure the vanishing of w at the actual onset of the mean
field spinodal, which can be determined using the equation
of state of the bulk phase a. For example, one could first
assume a simple functional dependence of d on supersatura-
tion and adjust the parameter(s) in it to ensure the thermody-
namic consistency, that is, the simultaneous vanishing of W,
c, and R at the onset. This thermodynamic consistency
condition has been invoked in other approaches to determine
the supersaturation dependence of the function u without
resorting to molecular theories.23–25

As one of the simplest ansatz one can consider, let us
suppose that

d5d1wk (23)

which clearly satisfies the boundary condition at saturation,
where w51. This ansatz can be brought into Eq. 16 to give

@w
@g

52wk 11
1

2
wk21g1

1

3

1

2
wk21g

� �2
" #

(24)

For a given value of k, Eq. 24 can readily be integrated
(numerically) with the boundary condition that w51 at g50.
For a positive value of d1, g increases with Dp. One can eas-
ily verify that the right hand side of Eq. 24 is negative for any
positive value of w. Thus, w eventually becomes zero at some
value of g, which we identify with the onset of the mean-field
spinodal and denote by gsp. Because gsp is completely deter-
mined by k, the single parameter k in our ansatz can be tuned
to enforce the thermodynamic consistency.

In contrast, when d1 is negative, g decreases and becomes
more negative with increasing supersaturation. As the right
hand side of Eq. 24 remains negative in this case also, w
will keep on increasing with increasing supersaturation
(decreasing g). Thus, if d1 is negative, the ansatz Eq. 23 is
clearly unacceptable regardless of the value of k.

As shown in the next section, however, the approximation
in Eq. 12 proves accurate only for path A and, for this path,
d1 is positive for all conditions we examined. Accordingly,
we will continue our discussion with Eq. 23 and explore its
consequence in what follows.

To find gsp, we integrated Eq. 24 numerically for various
values of k. As gsp is unknown, it proved convenient to treat w
and g as the independent and dependent variables, respectively.
Then, the integration proceeded from w51 (at which g50) to
w510214 using the Runge–Kutta algorithm with adaptive step
size.26 The value of g at this endpoint was identified with gsp.

The result is shown in Figure 2, which allows k to be
determined once Dpsp, c1, d1, and hence gsp are known.
Figure 2 suggests that gsp might diverge as k approaches
unity. As shown in Appendix C, a thermodynamic considera-
tion indeed demands that k be less than unity.

In passing, we note that, for k50:5, the numerical solution
of Eq. 24 is nearly identical to Eq. 18. Thus, Tolman’s
approximation, that is, k50 and truncation at O Dpð Þ, corre-
sponds to k50:5 but without any truncation. Any solution
following from Eq. 24 is consistent with the Tolman correc-
tion Eq. 18 in the low supersaturation regime as can be seen
by setting w51 and g50 in the equation.

Monte Carlo Simulation

To evaluate the magnitude of d1 and assess the accuracy
of the approximation introduced in Eq. 12, Monte Carlo
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simulation was carried out for a simple model system of
polymer-CO2 binary mixtures.

Model representation of polymer-CO2 mixture

We model a polymer chain by n identical spherical seg-
ments linearly connected by harmonic springs. Segments
are otherwise free to rotate around each other. A CO2 mole-
cule is modeled as a spherical particle. Interaction between
the particles not connected by the harmonic spring is given
by the truncated and shifted Lennard–Jones potential

/ij rð Þ5 /LJ
ij rð Þ2/LJ

ij Rcut
ij

� �
r � rcð Þ

0 ðotherwiseÞ

(
(25)

in which

/LJ
ij 54�ij

rij

r

� �12

2
rij

r

� �6
	 


(26)

and Rcut
ij 52:5rij. The subscript i and j refer either to the

spherical particle representing CO2 or a segment in the chain
according to the subscript being g or p.

In reduced units, in which �pp and rpp are both unity, the
natural length of the spring was set to unity while the spring
constant was set somewhat arbitrarily to 800, which was nei-
ther too soft to allow a pair of connected segments to be
separated too far nor too stiff to render a trial translation of
a randomly selected segment impractically inefficient. In
addition to the usual trial translation of particles, the polymer
chains were subjected to configuration bias Monte Carlo
moves27 in which a few segments toward each end of a
chain were removed and regrown either on the same or on
the opposite end of the remaining chain.

The values of the parameters �ij and rij are adjusted so as
to reproduce experimentally determined pure component crit-
ical temperatures and pressures of CO2 and octacosane (C28)
as well as the experimental solubility data of CO2 in C28.28

For the cross-species interaction, we set rgp5 rgg1rpp

� �
=2

and adjusted �gp only.
Using Gibbs ensemble simulation of the pure systems, the

critical temperature and pressure were estimated. In terms of
reduced units in which �ii and rii are both unity, they were,
respectively, 1.072 and 0.0934 for CO2 and 2.136 and
0.00957 for C28, which was represented by a 10 segment
chain as in our earlier polymer density functional theory

study.29 The simulation for CO2 involved the total of 1000
particles, whereas that of C28 used 140 chains.

In evaluating the solubility of CO2 in polymer, we again
used the Gibbs ensemble simulation. CO2 molecules were
allowed to move between two boxes, one representing the
pure CO2 gas phase and the other being the polymer-CO2

liquid mixture. In contrast, polymer molecules were confined
to the liquid phase. The pressure of the two boxes were
maintained at a common value by trial volume moves per-
formed separately in each box. The simulation was carried
out using the total of 600 CO2 molecules and 60 C28 chains.

Table 1 lists the resulting Lennard–Jones parameter in
reduced units in which �pp and rpp are both unity. The table
also lists their values in physical units after making neces-
sary conversions using the critical temperature (844 K) and
pressure (0.954 MPa) for C28.

Thermodynamic properties

To evaluate the relevant interfacial properties, we used a
rectangular simulation box under periodic boundary condi-
tions with its height 80rpp and its cross section being a
square of length 20rpp. The system was closed to polymer
chain but was open to CO2 molecules. Thus, CO2 molecules
were subjected to grand canonical Monte Carlo moves at
several values of the absolute fugacity (0.01—0.05 in
reduced units) resulting in the pressure values approximately
between 1 and 5 MPa. The system temperature was held at
kBT=�pp5 0.8178681, 0.8431774, and 0.8684866 correspond-
ing to 323.15, 333.15, and 343.15 K, respectively.

To explore the effect of the chain length, we considered
three cases n 5 10, 20, and 40 without any change in the other
model parameters. The number of polymer segments in the sys-
tem was fixed at 8000, resulting in the film thickness between
20rpp and 23rpp in all cases we considered. This was deemed
sufficient to eliminate artificial film thickness dependence
based on our prior polymer density functional study.29

However, the systems with longer chains are expected to be
less efficient in exploring representative statistical states.
Accordingly, we will often report only on the results for n 5 10
unless the n dependence is at the center of discussion.

The formulae for c1 and zs were taken from the litera-
ture12,13,30 and are elaborated in Appendix D.

To evaluate the bulk properties, we also performed Gibbs
ensemble simulation with 1000 polymer segments. The usual
moves to exchange gas particles between the two boxes and
also the trial repartitioning of the (fixed) total volume
between the boxes ensured the equality of the CO2 chemical
potential and the pressure between the two phases. In addi-
tion, the gas phase was subjected to grand canonical moves
with the same fugacity values used in the interface simula-
tions. From the simulation, we obtained pb, vb, and xg. To
evaluate Va

i , we measured the volume of the mixture as a
function of the number of CO2 molecules it contained and fit
the result to a line, the slope of which is Va

g . Then, Va
p is

Figure 2. Dependence of the onset of spinodal gsp on
the parameter k in the ansatz Eq. 23.

Table 1. Lennard–Jones Parameters for Simulation

ij r�ij ��ij rij(Å) �ij(J)

gg 0.9676 0.7177 3.674 3:915310221

gp 0.9828 0.8069 3.735 4:402310221

pp 1 1 3.797 5:455310221

The starred quantities are in reduced units in which �pp and rpp are unity.
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obtained from the identity va5xgVa
g1xpVa

p , where va is the
molar volume of the mixture.

As explained in Appendix B, both za and ze were deter-
mined by combining the results of interface simulations and
the Gibbs ensemble simulation just described.

Results

Figure 3 shows the dependence of c1 on pb. We observe
that c1 decreases with pb. From Eq. 3, we conclude that
Cg;e > 0, that is, the surface adsorption of CO2 is positive
when referred to the equimolar dividing surface for the poly-
mer. In fact, in all cases we studied, density profiles across
the interface show a marked increase of CO2 density in the
interfacial region compared to the bulk values. Figure 3 also
shows an interesting crossover behavior, that is, c1
decreases with increasing T at lower values of pb but the
trend reverses at higher pb. This behavior was also observed
for n 5 20 and 40, and is consistent with the findings of both
experimental and theoretical studies31,32 including the predic-
tions of polymer density functional theory by Talreja,33,34

who offered the first mechanistic interpretation of the cross-
over behavior. Here, we note the following identity which
can be derived from Eqs. A5 and B1

@c1
@T

� �
pb

5sbCg;e2ss
e (27)

where sb is the entropy of the gas phase defined on the per
molecule basis and ss

e is the superficial entropy per unit area
of the equimolar dividing surface. For low enough pb, Cg;e is
sufficiently small and the second term dominates. Insofar as
ss

e is expected to be positive, @c1=@Tð Þpb is negative. How-
ever, the observed reversal in the sign of the partial deriva-
tive indicates that, when Cg;e increases with pb, the first term
starts to dominate even though sb decreases at the same
time.

Because Cg;e increases more rapidly at lower temperatures,
the crossover behavior was seen to disappear when we plot
c1 against Cg;e. Likewise, there was no crossover behavior
in c1 vs xg plot at least over the range of conditions we
explored. However, the derivative @c1=@T is most easily
evaluated when pb, rather than xg or Cg;e, is held fixed.

Figure 4 shows the location of the various dividing surfa-
ces for the case of n 5 10 at 323.15 K. The distance is meas-
ured from the center of the liquid film defined as the plane
parallel to the interface and passing through the center of

mass of the entire collection of the polymer segments. As
expected, the surface of tension (zs) and equimolar dividing
surface (ze) are both situated within the interfacial region.
Because the auxiliary surface zB

a for path B as defined by Eq.
10 is located very close to zs and ze, the approximate relation
Eq. 14 is untenable at least under the conditions explored
here. In contrast, the auxiliary surface zA

a for path A as
defined by Eq. 9 is located deep inside the liquid film. Thus,
we expect Eq. 13 to yield a reasonably accurate estimate of

dA
1. According to the convention noted below Eq. 11,

dA
1 > 0.

Within the parameter values we explored, zs, ze, and zB
a

are all found to be insensitive to n and T. Figure 5 illustrates
this for zs. The figure also shows that zA

a is insensitive to n.
However, the effect on zA

a of raising T by 20 K is clearly
noticeable.

The resulting values of the Tolman length, dA
1, for path A

are shown in Figure 6. The approximate values of dA
1 due to

Eq. 13 are shown in Figure 7 and seen to be in excellent
agreement with the exact values. We recall that pb at satura-
tion for path A is identified with the final pressure pf at

Figure 3. Effects of T and pb on c‘ of C28 (n 5 10). Figure 4. Location of the dividing surfaces measured
from the center of the liquid mixture toward
the vapor phase.

T5323:15K and n 5 10. The dashed lines mark the

interfacial region in which the polymer density is

between 5 and 95% of the bulk liquid-phase value.

Figure 5. Location of the dividing surfaces zs and zA
a .

Squares, circles, and triangles are, respectively, data for

n 5 10, 20, and 40. The open symbols represent data at

323.15 K and the filled ones are data at 343.15 K.
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which foaming takes place, which is in the range being con-
sidered here.

As a result of the aforementioned rather weak n depend-
ence of zs and zA

a , dA
1 also depends rather weakly on n as

seen clearly in Figures 6 and 7. This trend can be easily
understood from the approximate Eq. 13. As noted in our
polymer density functional study,29,33 Cg;e is a linear func-
tion of n21 with rather weak dependence on n21. When n
changes from 10 to 40, for example, Cg;e changes only by
about 3%. On the other hand, vb is determined solely by T
and pb and is independent of n, thus, leading to the observed
weak n dependence of dA

1. Importantly, this also implies that
Eq. 13 remains valid when n is increased to reach the values
typical of actual polymers.

Figures 6 and 7 exhibit a weak dependence of dA
1 on pb.

In view of Eq. 13, this implies that a c1 vs. pb plot is
slightly concave up, a conclusion consistent with the results
in Figure 3 as well as with our previous polymer density
functional studies.29,33

Because zs and zB
a both lie within the interfacial region,

dB
1 is considerably smaller compared to dA

1 and the approxi-
mation Eq. 14 is not valid. Nevertheless, Eq. 14 does capture
the qualitative trends rather well as illustrated in Figure 8.

It is important to keep in mind that pb relevant for path B
is identified with pi and is much larger than what we used in
our simulation. However, the interfacial simulation under
such conditions requires considerably larger number of par-
ticles (both CO2 and polymer segments) to realize bulk-like
properties toward the center of the film. As a result, we have
not been able to perform a comprehensive simulation study
at higher pb values. Thus, our remarks on dB

1 given here is
only tentative, prompting for a further study. As zs and zB

a

are comparable in magnitude, it may prove important to
investigate systematically the system size dependence of dB

1.
This is indeed the case at least with single-component
systems, in which the Tolman length is given by ze2zs and
is considerably smaller in magnitude than the particle
diameter.13,14

An estimate of k

Because a sharply defined onset of the spinodal is an arti-
fact of a mean-field theory, it is not straightforward to deter-
mine the onset by simulation. Nevertheless, it will be of
interest to estimate k and predict the dependence of w (or
/5w3) on g and we report on our findings of our (limited)
effort in this direction.

To obtain a rough estimate of Dpsp for path A, we used a
variant of Gibbs ensemble simulation, in which two simula-
tion boxes, one containing pure CO2 gas phase and the other
containing the polymer-CO2 mixture, are held at the same
temperature but at different pressures. To ensure the equality
of chemical potential of CO2, CO2 molecules are exchanged
between the boxes as in the usual Gibbs ensemble simula-
tion. When the gas-phase pressure pb is increased while
maintaining T and the pressure pa of the mixture constant,
CO2 mole fraction xg in the mixture was found to increase
suddenly over a very small interval of pb.

Figure 6. Dependence of dA
‘ on T, pb, and n.

Data for n 5 10, 20, and 40 are represented, respectively, by squares, circles, and triangles.

Figure 7. Approximate values of dA
‘ by means of

Eq. 13.

The symbols are the same as in Figure 6.
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We recall that the onset of the mean-field spinodal is iden-
tified with an extremum of la

g, that is, ð@la
g=@xgÞT;pa50 at

the onset. Thus, when xg is viewed as a function of la
g,

which increases monotonically with pb [because la
g5lb

g and

ð@lb
g=@pbÞT5vb > 0], we expect that xg increases rapidly

when pb approaches the value at the onset. In practice, the
extremum is very difficult to locate precisely because
the mixture phase readily undergoes phase separation when
the free energy barrier of bubble nucleation becomes compa-
rable with kBT. Nevertheless, because the increase of xg

occurs over a narrow range of pb, a value of pb2pa taken

from this range of pb serves as a fairly accurate estimate of
Dpsp at given T and pa.

For n 5 10 at 323.15 K and 0.836 MPa, this procedure
yielded Dpsp � 8 MPa, which is in fair agreement with another
estimate, Dpsp58:5 MPa, by a version of polymer density func-
tional theory29 when the model parameters in the theory were
adjusted to reproduce experimentally determined critical tem-
perature and pressure of pure phases (CO2 and C28) as well as
CO2 solubility (at T5323:15 K and pressure up to 5 MPa)
from Gibbs ensemble simulations. Using c1534:02 mN/m,
dA
153:958nm (exact), and dA

153:946nm (approximate) at
323.15 K and 0.836 MPa for n 5 10, we found gsp50:931
(exact) and gsp50:930 (approximate), for which k is 0.445 and
0.443, respectively. Using these values of k in Eq. 24, we com-
puted u as a function of the normalized degree of supersatura-
tion g=gsp. These two values of k yield nearly identical u vs.
g=gsp plots and Figure 9 includes the result only for k50:445
along with those for rather different values of k.

That these curves being concave up is in agreement with a
self-consistent field theory calculation for bubble nucleation
in a model system of CO2-hexadecane binary mixture.35

Equation 23 indicates that, for a positive value of k, d van-
ishes as the mean-field spinodal is approached. As noted
below Eq. C5, @/=@g also vanishes at the onset of the
mean-field spinodal in this case, a conclusion consistent with
Figure 9. However, @w=@g is 21 for k < 2=3. This diver-
gent behavior of w (or c) is also observed in the case of a
single-component system.36

The figure also includes the / vs. g=gsp plot at three addi-
tional values of k. We observed that, at a given value of g=gsp,
/ decreases with increasing k. (Because gsp increases with k,
however, if we plot / against g, then, / is seen to increases

with increasing k for a given value of g.) We note that the plot
for k 5 0:5 is essentially identical to those corresponding to
other two values of k, 0.445 and 0.443. From what was said
earlier, the usual Tolman correction, Eq. 18, is seen to be accu-
rate under the particular condition we examined here, provided
that the ansatz Eq. 23 is appropriate. This conclusion, how-
ever, should not be generalized without a more systematic
study covering a much wider range of conditions. In fact, /
for k 5 60:9 are considerably different from those for
k � 0:5. Finally, consistent with the observation made in Ap-
pendix C, @/=@g at the onset (g=gsp51) is 21 when
k520:9, although the divergent behavior becomes detectable
only extremely close to the onset.

Summary

We developed an approximation scheme to estimate the
Tolman length d1 at the low supersaturation regime in the
case of bubble nucleation in polymer-gas mixtures.

The approximation requires, as inputs, macroscopic ther-
modynamic properties only. The accuracy of the approxima-
tion was examined by comparing against simulations
performed on a simple model system of polymer-CO2 mix-
tures. We recall that the binary system permits two distinct
modes of analyzing a set of nucleation experiments per-
formed at various values of pressure and gas species mole
fraction. This lead to two distinct approximate formula for
d1, Eqs. 13 and 14.

At the pressure values relevant to path A, the approxima-
tion proves accurate. In contrast, the required computational
effort prevented us from examining the approximation
scheme for path B under the pressure values most relevant
for that path. At lower pressure values, the approximation
for path B is untenable. It is of great interest to perform a
more thorough analysis of path B under much higher pres-
sure values than those we considered here. We expect that
polymer density functional theory will provide us with a via-
ble option that is less demanding computationally.

At least for path A then, d1 can be estimated from readily
accessible thermodynamic properties. From this follows the
Tolman correction to the free energy barrier W of nucleation,
Eq. 20. The correction, however, is applicable only at the
low supersaturation regime. In an attempt to estimate W over
the entire range of supersaturation without resorting to mo-
lecular theories, we introduced a simple ansatz, Eq. 23, for

Figure 8. Approximate values of dB
‘ by means of Eq. 14.

The solid lines show dB
‘ for n 5 10. Each dashed line shows

the approximate values based on Eq. 14 and corresponds

to the solid line with the same symbol.

Figure 9. Dependence of u on the normalized degree
of supersaturation g=gsp for various values of
k between 20.9 and 0.9.
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the supersaturation dependence of d. In this way, we
obtained W with correct thermodynamic behavior both in the
low supersaturation regime and at the onset of the spinodal.
Because the onset can be determined from the equation of
state of the polymer-gas mixture, our approach, in principle,
requires macroscopically accessible information only. In this
sense, it may be considered as a logical extension of classi-
cal theory with built in thermodynamic consistency. Of
course, the usefulness of the approach should not be
overstated. In particular, the accuracy of Eq. 23 is subject to
verification either by means of bubble nucleation experi-
ments or microscopic theories. Nevertheless, our approach
should represent a vast improvement over classical theory,
according to which w � / � 1.
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Appendix A: GTK Equation

More than 60 years ago, Tolman5–7 considered the super-
saturation dependence of W and derived an expression for
@ln c=@q in a single-component system. His result was im-
mediately generalized by Koenig8 to multicomponent sys-
tems. Although the latter formulation is extremely general to
embrace the specific case that concerns us in this work, it
appears beneficial to trace his formulation within the much
simpler context of bubble nucleation in a binary polymer-gas
mixture. For simplicity, we will also set the polymer concen-
tration in bulk b phase identically to zero.

We emphasize that our thermodynamic analysis pertains
only to a critical nucleus which is in (unstable) equilibrium
with the metastable phase. As a result, infinitesimal changes
in the intensive state of the metastable phase we shall con-
sider in what follows is accompanied by the corresponding
change in the state of the critical nucleus that must take
place to maintain that equilibrium.

To conform to the GTK formalism, we first change our
independent variables from Dp occurring in Eqs. 6 and 7 to
q. For this purpose, Eq. 15 is differentiated to yield

dDp52c 11q
@ ln c
@q

� �
dq (A1)

where, as discussed in the main text, the variables held fixed
in the partial derivative depend on the path being taken.
Using Eq. A1, we find that
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@w
@Dp

5
1

c1

@c
@Dp

5
1

2c1

@ln c=@q

11q@ln c=@q
(A2)

The starting point of Koenig’s derivation is the Gibbs
adsorption equation applied for a spherical interface and
written in reference to the surface of tension37

dc52ssdT2Cgdlg2Cpdlp (A3)

where lp is the chemical potential of the polymer, ss is the
superficial entropy, and Ci is the excess number of molecules
of species i, all attributed to the unit area of the dividing sur-
face. Our convention for Ci means that li is on a per mole-
cule basis. Because we are concerned only with the critical
nucleus, for which Eq. 3 holds, we dropped the superscripts
from lg even though the form of the function la

g differs
from that of lb

g in general. We also require the Gibbs–
Duhem relation for the bulk phase a

sadT2vadpa1xgdlg1xpdlp50 (A4)

and bulk phase b

sbdT2vbdpb1dlg50 (A5)

in which si and mi denote, respectively, the entropy and the
volume in phase i defined on the per molecule basis, and xp

is the mole fraction of the polymer.

Path A

Our independent variables are now

T; pa; qð Þ (A6)

in place of those listed in Eq. 6. From Eq. A3, we find

@c
@q

� �
T;pa

52Cg

@lg

@q

� �
T;pa

2Cp

@lp

@q

� �
T;pa

(A7)

where the change in q at fixed T and pa is physically brought
about through the change in pi and hence that in xg.

The partial derivatives occurring on the right hand side of
Eq. A7 can be evaluated as follows. From Eq. A5

@lg

@q

� �
T;pa

5vb @pb

@q

� �
T;pa

(A8)

which may be combined with Eq. A4 to give

@lp

@q

� �
T;pa

52
xg

xp

@lg

@q

� �
T;pa

52
xgvb

xp

@pb

@q

� �
T;pa

(A9)

Differentiating Eq. 15 with respect to q, or directly from Eq.
A1, we obtain

@pb

@q

� �
T;pa

52c 11q
@ln c
@q

� �
T;pa

" #
(A10)

Combining Eqs. A7, A8, A9, and A10, we obtain

@ln c
@q

� �
T;pa

5

2vb

xp
xgCp2xpCg

� �
12 2vb

xp
xgCp2xpCg

� �
q

(A11)

Let Ra denote the radius of the auxiliary surface for which
Eq. 9 holds. We note that the total number of gas molecules
Ng contained in the system of volume V, which is consisting

of a single critical nucleus and the surrounding metastable
phase a, may be expressed as

Ng5
4p
3

R3qb
g1 V2

4p
3

R3

� �
qa

g14pR2Cg

5
4p
3

R3
aq

b
g1 V2

4p
3

R3
a

� �
qa

g14pR2
aCg;a

(A12)

where qi
g is the number density of gas molecules in phase i.

Now, let

d : 5Ra2R (A13)

denote the distance between the two dividing surfaces. Equa-
tion A12 then yields

Cg5 11dqð Þ2Cg;a2d 11dq1
1

3
d2q2

� �
qa

g2qb
g

� �
(A14)

Replacing the subscript g by p in Eq. A14 and noting that
qb

p � 0, we obtain

Cp5 11dqð Þ2Cp;a2d 11dq1
1

3
d2q2

� �
qa

p (A15)

where qa
p is the number density of polymer molecules in

phase a. Using Eqs. A14 and A15 as well as the identity

xgq
a
p2xp qa

g2qb
g

� �
� xp

vb
(A16)

where we note that qb
g51=vb, we may express the right hand

side of Eq. A11 in terms of d. The final result is

@ln c
@q

� �
T;pa

52
2d 11dq1 1

3
d2q2

� �
112dq 11dq1 1

3
d2q2

� � (A17)

which is known as the GTK equation.
From Eqs. A2 and A17, we find

@w
@Dp

� �
T;pa

52
d

c1
11dq1

1

3
d2q2

� �
(A18)

which is Eq. 8 written for path A.

Path B

In this case, we use

T; q; xg

� �
(A19)

as the independent variables. Then, in place of Eq. A7, we
have

@c
@q

� �
T;xg

52Cg

@lg

@q

� �
T;xg

2Cp

@lp

@q

� �
T;xg

(A20)

We note that, when T and xg are held fixed, there is a one to
one correspondence between q and pa and that the change in
q is induced physically by changing pa. From
li5li T; pa; xg

� �
for the mixture, we obtain

@li

@q

� �
T;xg

5
@li

@pa

� �
T;xg

@pa

@q

� �
T;xg

5Va
i

@pa

@q

� �
T;xg

(A21)

where Va
i is the partial molar volume of species i in phase a

and we used one of the Maxwell relations. Furthermore, we
obtain from Eq. 15
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c1q
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@q
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T;xg

" #
(A22)

where

Z :5
@pb

@pa

� �
T;xg

215
Va

g

vb
21 (A23)

The last equality follows from Eq. 3. Combining Eqs. A20,
A21, and A22, we obtain

@ln c
@q

� �
T;xg

52
2 Va

gCg1Va
pCp

� �
Z12q Va

gCg1Va
pCp

� � (A24)

From this equation and the identity

Va
g qa

g2qb
g

� �
1Va

pq
a
p52Z (A25)

it is now straightforward to show that Eqs. A17 and A18
hold as they are just by replacing pa by xg in the list of vari-
ables being fixed provided that the auxiliary surface is now
defined by Eq. 10.

Appendix B: Derivation of Eqs. 13 and 14

We first recall the Gibbs adsorption equation written for
the equimolar dividing surface

dc52ss
edT2Cg;edlg1Cedq (B1)

where ss
e and Cg;e are, respectively, the superficial entropy

and the surface excess number of gas molecules both defined
with respect to a unit area of the equimolar dividing surface.
Ce is a function of the intensive state of the metastable
phase. For constant, T processes in which saturation is main-
tained, we have q � 0, and hence

dc152Cg;edlg52Cg;ev
bdpb (B2)

where we used Eq. A5. From Eq. B2, we find

@c1
@pb

� �
T

52Cg;ev
b (B3)

where the derivative is taken along the saturation line at the
given T.

The following relations hold for the system at saturation when
it is contained in a box of height zmax and cross-sectional area A

Ng5 zmax2zeð Þqa
gA1zeqb

gA1Cg;aA
Np5 zmax2zeð Þqa

pA;
(B4)

where Ni is the number of molecules of species i in the con-
tainer. In writing these equations, we place the interface per-
pendicular to the z axis and put phase a in the region of
larger z values. Using za as the dividing surface, we obtain

Ng5 zmax2zað Þqa
gA1zaqb

gA1Cg;aA
Np5 zmax2zað Þqa

pA1Cp;aA
(B5)

From Eqs. B4 and B5, we find

Cg;a5 za2zeð Þ qa
g2qb

g

� �
1Cg;e

Cp;a5 za2zeð Þqa
p:

(B6)

Combining Eqs. 9, A16, and B6, we arrive at Eq. 13 for
path A. If Eq. 10 is used in place of Eq. 9, we arrive at Eq.
14 for path B.

In the interface simulation reported in the main text, zmax,
A, and Np were fixed while Ng was determined from the sim-
ulation. The various bulk properties were determined from
the Gibbs ensemble simulation described in the main text.
Then, Eq. 9 or Eq. 10 was solved simultaneously with Eq.
B5 to find za with a trivial modification to the latter equation
to account for the two interfaces present in the system. The
second of Eq. B4 was used to determine ze.

Appendix C: k<1

We show that k appearing in our ansatz Eq. 23 must be
less than unity. As we have mentioned a few times, W, c,
and R have to vanish simultaneously at the onset. This is so,
because, as W vanishes, Dp determined by Eq. 3 remains
finite. Equation 2 implies then that c must vanish. In light of
Eq. 15, however, R must vanish also. But then, Eq. 15 also
demands that, at the onset

@c
@R

����
sp

5 lim
R!0

c
R

5 lim
R!0

1

2
Dp5

1

2
Dpsp (C1)

Rewriting Eq. A17 as

1

cq

@c
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5
2dq 11dq1 1

3
d2q2

� �
112dq 11dq1 1

3
d2q2

� � (C2)

and using Eqs. 15 and C1, we notice that the left hand side
approaches unity as the onset of the mean-field spinodal is
approached

1

cq

@c
@R

5
2

Dp

@c
@R
! 2

Dpsp

Dpsp

2
51 (C3)

in turn implying that

dq! 61 as W ! 0 (C4)

But, since

dq5
d1Dp

2ck
1

ck21 (C5)

as one can see from Eqs. 15 and 23, k must be less than
unity. For this range of k, the right hand side of Eq. 24 is
dominated by the w3k22 term when w approaches zero. Thus,
the slope @w=@g at gsp is zero for 2=3 < k < 1, a negative
number when k52=3, and 21 when k < 2=3. A similar
consideration for /5w3 indicates that the slope @/=@g
changes from zero to 21 with k50 marking the boundary.

Appendix D: Interfacial Properties

We recall the following formulae for c1 and d1 :5za2zs:
12,13,30

c15

ð
f1 z0ð Þdz0 (D1)

and

d152
1

c1

ð
z02zað Þf1 z0ð Þdz02

1

c1

ð
f2 z0ð Þdz0 (D2)

where the functions f1 and f2 are given by
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f1 z0ð Þ :5
1

4A

�X
i 6¼j

dw

drij

xij
21yij

222zij
2

rij
d z02zið Þ

�
(D3)

and

f2 z0ð Þ :5
1

8A

�X
i 6¼j

dw

drij

xij
21yij

222zij
2

rij
zijd z02zið Þ

�
(D4)

where A is the area of the interface, d z02zið Þ is the Dirac
d-function, w(r) is the interparticle interaction potential and
is given either by the truncated and shifted Lennard–Jones
potential or the harmonic potential depending on the pair of
particles being considered. Finally, ri5 xi; yi; zið Þ is the posi-
tion vector of the ith particle, rij :5rj2ri with components
xij5xj2xi, yij5yj2yi, zij5zj2zi, and rij5jrijj.

Carrying out the integrals using the explicit expressions
for f1 and f2, we find

c15
1

4A

�X
i 6¼j

dw

drij

xij
21yij

222zij
2

rij

�
(D5)

and

zs5
1

8A

�X
i 6¼j

dw

drij

xij
21yij

222zij
2

rij
zi1zj

� ��
(D6)

In writing Eqs. D1 and D2, one chooses the range of inte-
gration to contain both bulk phases and only a single inter-
face in between. As explained in the main text, however, we

have a slab of polymer-CO2 liquid mixture placed in a CO2

gas phase, and hence there are two interfaces in the system.
As far as Eq. D1 is concerned, the integration can be taken
along the entire length (in z-direction) of the system pro-
vided that the additional factor of 1=2 is introduced to
account for the fact that there are now two interfaces in the
system. The same does not hold for Eq. D2. In fact, if we
set the origin (z050) to coincide with the center of mass of
the slab, then Eq. D6 would yield zs � 0 for such a choice
for the range of integration since the expression is linear in
zi1zj.

So as to account for a single interface at a time, we com-
puted two estimates for zs, one resulting from the integration
over 0 < z0 � zmax=2 and the other from the integration over
2zmax=2 < z0 � 0, where zmax denotes the height of the sim-
ulation box as in Eq. B4. The choice for the range of inte-
gration in Eq. D2 translates to the restriction on the
summation over i in Eq. D6. That is, we need to exclude
from the summation over i (but not from that over j) those
particles whose z coordinate zi is outside the range of inte-
gration, a condition imposed by the d-function in the defin-
ing equations for f1 and f2. (The summation over j includes
only those particles that are within the cut-off radius from
the ith particle.) When the two estimates for d1 were com-
pared, the largest discrepancy was 2.8% of their arithmetic
mean for the results reported in this article.
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